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Abstract

From a kinematics perspective, a Kresling origami cell couples axial displacement (contrac-
tion/expansion) with twist, leading to non-rigid origami behavior. From an energy landscape
perspective, the selection of the Kresling origami geometry, together with its fabrication pro-
cess and material, lead to energy envelopes allowing single or multiple stable states. In this
context, this paper explores the Kresling origami mechanics through mathematical modeling
integrated with experimental testing. On the theoretical mechanics front, we present a compre-
hensive model incorporating the representative geometrical parameters of the Kresling origami
cell into the corresponding energy function in order to capture its enssential mechanical behav-
ior. On the experimental mechanics front, we create two fixtures that demonstrate the ability to
control axial displacement (contraction/expansion) and twist independently, without imposing
any constraints on the chiral arrangement of individual cells within the Kresling origami array
(composed of multiple cells). Finally, we show the coexistence of multiple mechanical and mor-
phological configurations within the same Kresling array by programming its loading modes,
i.e., compression or twist. The fundamental nature of this work makes it applicable to several
field of engineering, including soft robotics and mechanical computing.

1 Introduction

We present a comprehensive theoretical analysis of the Kresling origami, incorporating all its rep-
resentative geometric parameters into the energy expression, thereby shedding light on how they
influence the multistability behavior of the origami assembly. In addition, we introduce two novel
experimental fixtures tailored for conducting either applied twist with free axial displacement or
applied axial displacement with free twist. The uniqueness of the experimental apparatus lies in
its ability to independently control axial displacement (contraction/expansion) and torsional mo-
tion. This feature allows testing of Kresling arrays consisting of either odd or even number of
cells, without imposing constraints on the chiral arrangement of individual cells within the array,
as illustrated by Figure 1. By exploring local actuation of the Kresling array, we show coexistence
of multiple mechanical and morphological configurations.

The remainder of this paper is organized as follows. In Section 2, we provide the motivation
behind this paper by summarizing related work in both theory and experiments. Section 3 for-
mulates the mechanics problem, considering geometry, mechanical properties, and their respective
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Figure 1: Evolution of mechanical testing setups for Kresling origami cell coupling axial displacement (con-
traction/expansion) and twist. Top left: standard setup consisting of applied twist with prescribed axial
displacement; Bottom left: standard setup consisting of applied axial displacement with prescribed twist;
Top right: applied twist with free axial displacement; and Bottom right: applied axial displacement with
free twist. Notice that the experimental setups (standard) on the left-hand-side are conducted with an even
number of cells, while the experimental setups (novel) on the right-hand-side do not place any restriction on
the number of cells, i.e. even or odd. The two novel experimental setups are explained later in the article.

roles in the mechanical behavior of Kresling origami via parametric analysis. Section 4 describes
the manufacturing method adopted to create the origami cells and provides a detailed description of
the two experimental setups created for the experiments: the free-rotating fixture for compression
experiments, and the free-translating fixture for torsional experiments. In Section 5, we discuss the
results obtained with single Kresling cells and 2-cell Kresling arrays. Section 6 provides concluding
remarks. Four Appendices supplement the paper. Appendix A presents further theoretical details
about the formulation employed in this work, including the energy approach discussed in Section
3. Appendix B provides details of the Kresling cell fabrication. Appendix D reports auxiliary
experiments conducted to estimate the mechanical properties of the composite material used for
sample manufacturing and to estimate the rotational stiffness of the creases. Finally, Appendix F
presents the nomenclature.



2 Motivation and scope of work

The findings of this study are applicable to several field of engineering, including mechanical com-
puting [Yasuda et al. (2021)]. They pave the way for the development of mechanical memory
systems capable of encoding information. By exploring the sequence of mechanical loading (ax-
ial displacement or twist), we enable the coexistence of multiple mechanical and morphological
configurations within the same structure, as illustrated by Figure 2. Further exploration of this
loading sequence-dependent phenomenon may lead to the creation of multifunctional structural
and material systems with embedded mechanical computing systems.

2.1 Theoretical considerations

The theoretical analysis of Kresling origami structures is generally based on simplified models, as
summarized by Figure 3. For instance, one of those approaches considers a truss comprised of bar
elements only. The stretching of the bar elements estimates the folding kinematics and predicts
the mechanical behavior of the Kresling structure. The truss-based modeling assumes that the
length of edges on the top and bottom polygons remains constant, while truss members along
the mountain and valley creases deform during deployment. Cai et al. (2015) proposed a model
considering that the lengths of mountain creases are constant while the length of valley creases can
change. Conversely, Bhovad et al. (2019) assumed constant valley creases and variable mountain
creases. However, these assumptions do not fully capture the folding behavior of the Kresling
origami. Yasuda et al. (2017) built an elastic truss prototype and modeled mountain and valley
creases as linear springs. This approach has been adopted by most the studies assuming stretchable
mountain and valley creases, e.g. Masana and Daqaq (2019), Masana et al. (2020), Lu et al. (2022),
Li et al. (2020), and Zhang et al. (2021b).

Nevertheless, both experimental and simulation studies reveal that the folding of panels also
influences the mechanical behavior of Kresling structures [Liu and Paulino (2017) and Huang et al.
(2022a)]. Thus, the dihedral angles between panels are introduced as geometrical parameters to
complement the theoretical model. For instance, Pagano et al. (2016) and Pagano et al. (2017)
proposed a theoretical model involving two dihedral angles: one between the top polygon and the
side triangular panel, and the other between two side triangular panels along a valley crease. They
omitted the dihedral angle between two side triangular panels along a mountain crease because
their theoretical model was based on a Kresling cell with all mountain creases cut out. Modeling a
Kresling structure without any cutout creases should incorporate all three dihedral angles [Huang
et al. (2022b)].

To circumvent the aforementioned limitations, we present a comprehensive model that incorpo-
rates all representative variable geometric parameters, i.e, two lengths of creases along mountain
folds and valley folds, respectively; two dihedral angles between side triangular panels along moun-
tain creases and valley creases, respectively; and one dihedral angle between surface polygons and
side triangular panels. The stiffness coefficients of these geometric parameters, embedded in the
energy function, can be independently tuned, enabling the theoretical model to accommodate the

analysis for various applications?.

 nstead of using detailed finite element model with shell elements, which is very time consuming, one could use
the present mode which is simple and effective to gain insights.



Figure 2: Mechanical computing based on 2-cell Kresling array using standard and novel testing setups. All
the data reported in the plots are collected from the respective experiments.

2.2 Experimental considerations

The deformation of a Kresling cell couples axial contraction/expansion and twisting. These unique
kinematics challenge standard experimental xtures capable of a single degree of freedom defor-
mation control. To resolve this issue, Wilson et al. (2013) proposed a compression/tension test on
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Figure 3: Summary of previous work on theoretical models, which are based in one or more of the following
parameters: b, ¢, a; b, ¢ With geometric interpretation provided by Figure 4. For parameter b, see Bhovad
et al. (2019); for parameterc, see Cai et al. (2015); for parameter®, c, see Yasuda et al. (2017), Masana and
Dagaq (2019), Masana et al. (2020), Lu et al. (2022), Li et al. (2020), Zhang et al. (2021b); for parameters
a, ¢, see Pagano et al. (2016), Pagano et al. (2017); for parameters; p; ¢, See Huang et al. (2022a),
Huang et al. (2022b); for parametersb, ¢, ,, see Yasuda et al. (2019); for parameterb, ,; ., see Nayakanti
et al. (2018), Zhang et al. (2021a); for parameters, ¢, a; b, see Jin et al. (2022). Our work involves all the
ve parameters b, ¢, a; b c-

a pair of Kresling cells with opposite chirality, eliminating the twisting degree of freedom on the
boundaries.

This experimental work was then extended to Kresling arrays built by multiple pairs of chiral
cells [Jules et al. (2022)]. However, this approach is restricted to an even number of cells and thus
cannot capture the folding/deploying behavior of a single Kresling cell. Thus, a new experimental
setup, incorporating a rotating base on the loading plate, was introduced to conduct the compression
experiment on a Kresling array [Cleveland et al. (2016)]. This xture, decoupling two deformation
modes, has been used by various researchers investigating Kresling origami, e.g., Nayakanti et al.
(2018), Yasuda et al. (2019), Bhovad et al. (2019), Masana and Dagaq (2019), Masana et al. (2020),
Zhang et al. (2021a), Huang et al. (2022a), Yang et al. (2023). However, none of the previous works
involved a torgue sensor to verify zero torsion under compression loading, which is addressed in the
present paper.

There is a dearth of information on how to design a torsion experimental setup that allows free
axial deformation. The mechanical testing setups developed in this study address the challenge
of decoupling axial contraction/expansion and twisting of Kresling cells in either compression or
torsional tests, enabling the simultaneous collection of force and torque data. Veri cation was
achieved through the nearly zero torque and force curves observed in compression and torsional
experiments, respectively. These novel setups allow conducting compression and torsion tests on a
generic Kresling array with cells of arbitrary chirality.

3 Formulation of the Kresling mechanics problem

The Kresling cell consisting of two identical parallel n-sided polygons connected by 2 repeating
triangular panels (n = 6 in Figure 4) can be described by three intrinsic parameters,higgeq (the
height in the folded con guration), ¢ (the relative angle between the top and bottom polygons
in the initial con guration, i.e., deployed state), and r (the radius of the circumscribed circle of
polygon). Here, we choose the parametehs,qeq = O, thus, the height in the initial con guration



is calculated by hg = rp 2(cos ¢ COS max), wWhere max = (2=n) o is the relative angle
between polygons in the folded con guration [Lang (2017)]. The initial lengths, ap, by, and ¢y, and
dihedral angles, a0, w0, and o, can be described byn, hg, o, and r (details are shown in the
Appendix A.1). Next, we investigate the Kresling geometry in detail, derive its potential energy,
and conduct a parametric study to understand its behavior consisting of axial loading with free
twist, and torsional loading with free translation.

3.1 Geometrical interpretation

Assuming that the polygons do not deform, i.e.,a = ap in Figure 4A and 4B, we can describe the
three lengths, a, b(u;' ), and c(u;' ), and the three dihedral angles, a(u;' ), p(u;"' ), and c(u;')
in a folding con guration (Figure 4B) along with two variables, u and' (see detailed derivations in
the Appendix A.2). Here, u is the distance between pointsB, and BY in z-direction, and ' denotes
the twisting angle of the top polygon (i.e., from point B, to point BY) with the bottom polygon
xed. Based on this framework, we derive the following relationships:
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3.2 Mechanical behavior

Inspired by the bar-and-hinge-model for the Kresling origami cells [Liu and Paulino (2017)], we
discretize creases with bar elements and rotational springs. The total elastic energy/, is a combi-
nation of the elastic energy stored in bar elementsUy,r, and that provided by rotational springs,
Urot. Thus, U(u;' ) = Upar(u;' )+ U (u;' ). For the Kresling cell in Fig. 4, we have:
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where all the geometric parameters are determined by Eqgs.(A.7)-(A.12) and Egs.(1)-(6). Notice
that ny is the number of mountain creasesn. is the number of valley creasesn, is the number
of edges of the polygons (top and bottom surfaces)ks, is the stretching sti ness of mountain
creasesKs is the stretching sti ness of valley creasesk;., is the folding sti ness between the side
panels and polygons (top and bottom surfaces)k., is the folding sti ness between two side panels



Figure 4: Geometric con guration of the Kresling origami. The rst row shows the top view, the second
row shows a perspective view, and the third row shows pertinent details. (A) Schematics of the deployed
con guration with geometric parameters and vertices description. (B) Schematics of the folded con guration.
(C) The inset triangles illustrate the twisting angle g, and three dihedral angles a0, 1o, co, respectively.
The color scheme among gures is consistent (on the rst two rows, mountains are red and valleys are green).

connected by a mountain crease, and.. is the folding sti ness between two side panels connected



by a valley crease. Thus, the total elastic energy of a Kresling cell is expressed as:
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Previous investigations revealed that the Kresling cell can be controlled by both axial force,
F, and torque, T [Yasuda et al. (2017), Yasuda et al. (2019)]. Thus, the work done on the cell
is calculated by W(u;' ) = Fu+ T'. The total potential energy of the Kresling cell, , can
be expressed using the total elastic energyJ, and work, W, i.e., (u;') = U(u;") W(u;").
Substituting Eq.(9) into the potential energy expression, we obtain:
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Notice that Eqg.(10) includes two independent variables,u and' . Based on the principle of minimum
total potential energy, equilibrium is achieved when:

@=@w0; @=@'=0 (11)
Substituting Eq.(10) into Eq.(11), we calculate the axial force, F, and the torque, T, as follows:
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where
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The prime in €}(' ) denotes derivative.

3.3 Targeted parametric study

The stretching sti ness of the creases and the folding sti ness between panels contribute greatly to
the total elastic energy function in Eq.(9). The sti ness terms in Eq.(9) can be de ned using the
following expressions.

Ksio = ks=hy; ks:c = Ks=@ (14)
Kra = krao; Krp = Krlo; Kre = KrCo (15)

where ks denotes the stretching sti ness of the creases, andk; denotes the rotational sti ness
of the crease per unit length. Given that the unit of ks is (N mm 2)mm? and that of k, is
N mm(rad mm) 1, the ratio k. =ks is a dimensionless quantity. We varyk, =ks from 0to 2:5 10 4,
and study how this ratio in uences the monostable and bistable behaviors under two types of
loading conditions, i.e, axial loading with free-rotation, and torsional loading with free-translation.
We choosen =6, r =30, and ¢ =30 as the initial geometry parameters for the following analysis.

3.3.1 Axial loading with free-rotation

Here, the cell deforms in the axial direction and rotates freely. Thus, the torque de ned in Eq.(13)
is zero. We have:

@yu;' )=@'=0 (16)

For a given sti ness ratio (k;=ks), we can obtain the relationship,' = fg(u), by solving Eq.(16)

{ see details in Appendix A.3. Based on this relationship, we can calculate crease lengths and
dihedral angles using EQs.(2)-(6). Then we can solve for the total elastic energy and axial force
using Eqg.(9) and Eq.(12), respectively.

Based on this theoretical investigation, the Kresling cell has two zero-energy kinematic sta-
ble con gurations when the k,=ks ratio is zero (Fig. 5 A(left)). In this case, panel stretching,
represented by the deformation of mountain and valley creases (Fig. 5A(middle)), dominates the
deformation. As the k,=ks ratio increases, the position of the second stable state changes. This
is due to the monotonically increased energy contributed by the panel folding. Figure 5A(right)
veri es the dihedral angles between panels change monotonically. The stable states position can
be obtained using the following stationary condition:

@U=@u0; @U=@%> 0 (17)

The detailed solution scheme solving Eq.(17) is listed in Appendix A.3, and results are summarized
in Table 1. Note that Eq.(17) has a single root whenk,=ks > 2:5 10 4. This indicates that the
Kresling cell becomes monostable.



Figure 5: Mechanics of the Kresling cell considering two loading conditions, i.e., axial compression (free-
rotation) and torsion (free-translation). (A) Axial compression loading condition. The stored strain energy

of the Kresling cell versus the vertical displacement of any vertices on the top hexagonal plane (left); change
of lengths for the mountain creases versus vertical displacement (middle); three dihedral angles versus the
vertical displacement (right). The strain energy (U=ksr) and displacement @=r) are normalized in the
parametric analysis. Black dots indicate positions of the 2¢ stable states. Multiple dashed and shaded lines
represent the solution considering a range of sti ness ratio K, =ks) from 0 to 2:5 10 *. The line colors, i.e.,
black, red, and green, are consistent with the color code used for edges and creases in Fig. 4. (B) Torsional
loading condition. The strain energy versus the twisting angle of the top hexagonal plane (left); change of
lengths for the mountain and valley creases versus the twisting angle (middle); three dihedral angles versus
the vertical displacement (right).

3.3.2 Torsional loading with free-translation

In this case, the rotational degree of freedom (DOF) is under control, but the vertical displacement
DOF is free. Thus, the axial force in Eq.(12) is zero and we have:

@UYu;' )=@w0 (18)

By solving Eq.(18), we derive the relationship,u = f1(' ) (see details in Appendix A.3). Then
we can compute crease lengths and dihedral angles, the total elastic energy, and the torque using
Egs.(2)-(6), Eq.(9) and Eq.(13), respectively.

As shown in Fig. 5B(left), the trend of the elastic energy landscape is similar to that observed
in the axial compression loading condition. However, the changes of geometric parameters in the
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