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Abstract

Fracture growth in a material is strongly influenced by the presence of inhomo-
geneities, which deviate crack trajectories from rectilinearity and deeply affect failure.
Increasing crack tortuosity is connected to enhancement of fracture toughness, while
often a crack may even be stopped when it impinges a void, which releases the stress
concentration. Therefore, the determination of crack trajectories is important in the
design against failure of materials and mechanical pieces. The recently developed
phase-field approach (AT1 and AT2 models), based on a variational approach to
damage localization, is believed to be particularly suited to describe complex crack
trajectories. This belief is examined through a comparison between simulations and
photoelastic experiments on PMMA plates, which have been designed in a new way,
to highlight the effects of notches and circular holes on fracture propagation. The
latter is shown to initiate from a notch and to be strongly attracted by voids. When
a void is hit, fracture is arrested, unless the void contains a notch on its internal
surface, from which a new crack nucleates and propagates. Different mechanical
models are tested where fracture initiates and grows (i.) under Mode I compact
tension, (ii.) four-point bending and (iii.) a tensile stress indirectly generated dur-
ing compression of samples containing a circular hole. The experiments show that
the fracture propagation may be ‘designed’ to develop in different tortuous paths,
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involving multiple arrests and secondary nucleation. Simulations performed with an
ad hoc implemented version of the AT1 and AT2 phase-field methods (equipped with
spectral decomposition, in which a crack is simulated as a highly localized zone of
damage accumulation) are shown to be in close agreement with experiments and
therefore confirm the validity of the approach and its potentialities for mechanical
design.

Keywords: Phase field approach to fracture; Photoelasticity; PMMA; Circular
holes and V-notches; Numerical-experimental comparison.

1. Introduction

Originated from mathematical techniques based on Γ�convergence [1, 2, 3, 4] and
tailored for the approximation of free discontinuity problems [5, 6], the phase field reg-
ularization of brittle fracture proposed by Francfort and Marigo [7] has attracted a re-
markable attention within the computational fracture mechanics community over the
last decade. As compared to other computational methods for damage and fracture
simulation in materials and components, such as for instance the Crack Band Model
[8], the Smeared Crack Model [9], nonlocal and diffuse damage models [10, 11, 12],
or gradient damage models [13], the phase field approach offers an elegant solution
for problems involving linear elastic fracture mechanics. This solution is pursued
through an energy minimization which, in the Γ�convergence limit, consistently re-
produces the Griffith theory of fracture. The phase field approach to fracture, further
analyzed in [14, 15], has been applied in a considerable series of works proposing com-
parisons with other nonlocal damage models and discussing several detailed aspects
regarding the finite element implementation [16, 17, 18, 19, 20, 21, 22, 23, 25, 26]. In
this context, it is worth recalling the fundamental contribution by Miehe and cowork-
ers [28, 29] that were the first to propose a robust finite element implementation of
the phase field for brittle fracture, specialized to account for damage irreversibility
and based on a suitable degradation mechanism able to simulate situations involving
tensile stress states.

The state-of-the-art literature on phase field models clearly shows that the ap-
proach is mature for technical applications. In this regards, Tanné et al. [30] have
recently assessed the capabilities of the phase field approach (see in particular the
AT1 and the AT2 models) to predict crack nucleation from V-notches and from
points with stress concentrations. The results are supporting the technical applica-
bility of the method, but all the benchmark problems were limited to pure tensile
stress states, so that only the crack nucleation stage was examined. A long series of
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works [31, 32, 33, 34, 35, 36, 37], where the quantitative application of the methodol-
ogy has been assessed for composite materials with material heterogeneities (fibers),
pinpoints that the phase field method is qualitatively able to predict realistic tortuous
crack patterns observed in those materials and arising from a severe rotation of the
principal axes of stress. However, a systematic comparison of the phase field model
predictions with experimental results under different mechanical conditions and in-
cluding not only the shape of the crack trajectory, but also the force-displacement
diagram, is, to the best knowledge of the present authors, still lacking.

The present article is therefore aimed at testing the potential of the phase field
approach to brittle fracture against benchmark experimental tests where the crack
trajectory is complicated by the presence of notches and circular holes, which involve
stress states during crack propagation evidencing a strong rotation of the principal
stress axes. Crack deviations from a rectilinear path are also very important in
engineering, since they usually enhance toughness of a material, so that a tortuous
crack trajectory is considered the signature of a superior fracture resistance [38,
39, 40]. The deviation from rectilinearity may be produced in different situations.
Curved fracture geometries and crack branching have been analyzed from a number of
perspectives [41, 42, 43, 44, 54]. In particular, one of the factors producing deviations
from rectilinearity of crack growth is the presence of a perturbing element, such
as a defect, or a void, or an inclusion, in an otherwise uniform material. This
element changes the stress state, so that asymptotic analyses [45, 46, 47, 48] and
numerical simulations [41] show that the modified stress state strongly affects the
trajectory of a fracture. In particular, it has been shown that soft inclusions or voids
‘attract’, while stiff inclusions ‘repel’, a fracture which would propagate rectilinearly
in a homogeneous material. The attractive nature of a void on crack growth has also
been experimentally confirmed [49, 50, 51] and it is known that a fracture intercepting
a pore or a hole with smooth boundary can even be stopped, as the void may release
the stress concentration which drives the crack growth.

Simulations herein performed are based on our implementation of the AT1 and
AT2 phase field models which, in addition to the formulation in [30], accounts also
for the spectral decomposition according to [28] in order to properly simulate crack
growth under tensile/compressive stress states. Numerical predictions are compared
with results from experiments, involving a newly designed set-up, applied to photoe-
lastic PMMA plates, containing notches and circular holes, where the crack trajectory
strongly deviates from rectilinearity and may or may not terminate against a circu-
lar hole. In particular, Mode I compact tension and four-point bending tests are
performed on notched specimens with one or two circular holes. In another type of
test, a sample containing a circular void is compressed, so that a crack is nucleated
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and slowly propagates, in a direction parallel to the compression and orthogonal to
the tensile stress developing at the apex of the void.

The new design of photoelastic experiments allows to ‘artificially’ induce complex
crack paths, in a way that fracture propagation may be engineered. For instance,
the cracks visible in the photos reported in Fig. 1, have been intentionally designed
to hit the circular voids and to behave in a desired way.

Figure 1: Post-mortem samples showing intentionally designed curved crack propagation. The crack
nucleated from a V-shaped notch and in the case on the left terminated against a circular hole,
while in the case on the right a secondary crack propagated from a second notch internal to the
hole, reached a second circular hole, where a third crack finally brought to failure the sample. All
these behaviours have been intentionally obtained after careful design of the experiments. Deviation
from the initial straight path corresponds to the formation of Wallner lines, followed by twist Hackle
marks, on the crack surface (details highlighted on the left).

In the case shown on the left, a fracture is deviated from rectilinearity (this
deviation corresponds to the formation of Wallner lines, followed by twist Hackle
marks, on the crack surface) before hitting a circular void, where the fracture is
arrested. In the case shown on the right, a fracture is initially generated at a notch,
is induced to impinge a first circular hole, where it is temporarily stopped. Then a
second notch has been designed inside the void to stimulate a restart of propagation.
This propagation has been intentionally driven toward a second void, where another
designed notch re-starts crack growth, which terminates against a free boundary. Our
experiments1 clearly show that the crack nucleation and growth can be intentionally
conditioned to obtain, at least to a certain extent, desired propagation features.

1Records of photoelastic experiments performed at the Instabilities Lab of the University of
Trento and documenting crack nucleation and growth, with trajectories determined by the presence
of voids are provided as supplemental material.
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