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∗E-mails: jp.norenberg@usp.br (J.P.N.), americo@lncc.br (A.C.)

and diego.misseroni@unitn.it (D.M.)

Mechanical programming provides a simple way to tune embedded nonlinear res-
onators without redesigning the host structure. Here, seven magneto-piezoelectric res-
onators are integrated into elastically reconstructed openings of a host beam. The
removed stiffness, mass, and inertia are restored. The dynamics of the intact beam
are therefore recovered over the investigated frequency range. Programming is per-
formed by changing only the spacing between repulsive magnets. Each resonator can
be set independently. This creates uniform, nonuniform, and graded combinations of
monostable and bistable states. Experiments and simulations show marked changes
in both vibration attenuation and harvested power. Different programs favor different
functions. One configuration reaches 1.82 times the reference attenuation bandwidth.
Another reaches 1.57 times the reference harvesting performance. Assuming nine
admissible states per resonator, the seven-resonator system spans 97 possible configu-
rations. Model-selected candidates improve both numerical references simultaneously,
reaching 1.16 times the attenuation bandwidth and 1.11 times the harvesting metric.
The prototype also delivers up to 10.67 𝜇W of total AC load power near resonance. The
result is a structurally integrated platform with programmable nonlinear functionality
and largely preserved host dynamics.
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1 Introduction

Unwanted structural vibrations degrade performance, accelerate fatigue, generate noise, and com-
promise the reliability of engineering systems. At the same time, these vibrations represent an
abundant source of ambient mechanical energy that can be converted into electricity through
piezoelectric, triboelectric, electromagnetic, or hybrid transduction mechanisms (1–4). This has
motivated the development of multifunctional systems that use the same vibration field for at-
tenuation and energy harvesting. Such systems are attractive in aerospace, transportation, civil
infrastructure, and industrial applications. Vibration suppression can improve structural reliabil-
ity, while harvested energy can support autonomous sensors in locations where wiring or battery
replacement is difficult (5, 6).

Mechanical metamaterials and metastructures provide a powerful framework for achieving
this multifunctionality through the deliberate manipulation of elastic-wave propagation (7–16). In
particular, locally resonant metamaterials generate frequency bandgaps that inhibit wave propaga-
tion while concentrating mechanical energy within resonant substructures (17–19). This localized
energy can facilitate electromechanical conversion and has motivated numerous dual-functional
metastructures based on defect-mode engineering (20, 21), triboelectric nanogenerators (22), non-
linear piezoelectric resonator arrays (23–25), electromagnetic resonators (26), and architected or
additive-manufactured structures (27). Existing approaches, however, still face several practical
limitations. Many operate over narrow frequency ranges or offer limited tunability, while others
rely on externally attached resonators or comparatively complex architectures. Attenuation and
harvesting may also compete with one another (see Supplementary Table S1).

A fundamental challenge underlying these limitations is the integration of resonant functionali-
ties into a structural host beam without perturbing the host dynamics. Externally mounted resonators
provide an effective route to locally resonant bandgaps (24, 28, 29). However, their placement out-
side the structural core adds external bulk and eccentric inertial loading, which can break geometric
symmetry, induce parasitic modal coupling, and distort the targeted dynamic response. Embedding
resonators inside the structural core offers a more compact and mechanically integrated alterna-
tive (30–33). However, this internal integration requires voids that locally modify the stiffness, mass,
and mass moment of inertia of the host structure. These geometric discontinuities can introduce
additional scattering and alter the background dynamics, making it difficult to separate the desired
resonator-driven response from parasitic effects caused by the structural modification itself.

Elastic invisibility offers a mechanics-based route for embedding resonators while preserving
the effective dynamics of the host. Originally developed to suppress wave scattering from defects
or inclusions (34–37), invisibility concepts are reinterpreted here as a strategy for functional
integration rather than concealment. Here, the voids are mechanically reconstructed and used as
internal regions for resonator integration. By restoring the bending and torsional stiffnesses, mass,
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and mass moment of inertia removed from the original structure, elastic reconstruction produces
a host that is geometrically modified yet dynamically preserved. The reconstructed regions can
then accommodate the resonators while reducing the dynamic perturbation caused by the voids
themselves. Reduced scattering also leaves more of the propagating mechanical energy available to
excite the resonators and their piezoelectric transducers.

The second element of the design is the nonlinear magneto-elastic resonator. Nonlinear res-
onators can broaden effective operational bandwidths for vibration attenuation and energy har-
vesting, enhance energy localization, and produce amplitude-dependent dynamic regimes that are
inaccessible to linear resonators (27, 30, 38–45). In the present metastructure, the restoring force
of each resonator is governed by the spacing between repulsive permanent magnets. Adjusting this
spacing reshapes the local potential energy landscape, enabling transitions between monostable
and bistable configurations without modifying the resonator architecture. The resulting nonlinear
states shift the attenuation bands and modify the harvested-power spectrum.

This work establishes some conceptual advances. Elastic invisibility is introduced as a functional-
integration principle for embedding resonators into structural hosts while preserving their effective
dynamics. The nonlinear state of the resonator array is then independently prescribed by the magnet
spacing vector d𝑖 = [𝑑1, . . . , 𝑑 𝑗 , . . . , 𝑑𝑆], where 𝑖 labels a programmed metastructure configura-
tion, 𝑆 is the number of embedded resonators, and 𝑑 𝑗 defines the magnet spacing assigned to the
𝑗-th resonator in that configuration. Each vector d𝑖 therefore acts as a mechanical program for
the resonator array. Independent control of 𝑑 𝑗 allows identical, nonidentical, and graded config-
urations within the same metastructure. Related spatial grading strategies have been explored in
rainbow trapping and topological energy localization (46–52). Elastic reconstruction and indepen-
dent resonator tuning therefore address different parts of the problem. The reconstruction limits the
disturbance introduced by the internal openings, while the magnet spacing controls whether the
resulting response favors attenuation, harvesting, or a compromise between the two.

The experimental metastructure consists of a host beam containing seven uniformly distributed
internal voids (Fig. 1A). Each void houses a nonlinear magneto-elastic piezoelectric resonator
(Fig. 1B), and bimorph piezoelectric patches convert local resonator strain into electrical output
(Fig. 1C). The voids are elastically reconstructed to restore the effective dynamic response of the
intact host, in contrast to uncloaked voids that perturb wave propagation (Fig. 1D). In the identical
monostable state with a magnet spacing of 7 mm, the prototype powers multiple LEDs near the
first host-beam resonance and within the bandgap, demonstrating simultaneous energy harvesting
and vibration attenuation (Fig. 1E and Movie S1). In this state, under fixed-frequency excitation at
6 g, it delivers 10.67 𝜇W of total AC harvested power near resonance at 29 Hz and 2.05 𝜇W inside
the bandgap at 41 Hz. Although the harvested power is lower inside the bandgap, multiple LEDs
remain powered while vibration transmission through the host is suppressed. After rectification and
storage, power at this level could support duty-cycled measurements using ultra-low-power sensing
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electronics, as discussed in the Supplementary Text. Experiments supported by validated numerical
simulations further show that magnet spacing control reconfigures the attenuation and harvesting
spectra, allowing nonidentical configurations to produce distinct multifunctional response profiles.

2 Results

2.1 Elastic invisibility of the two-opening regions

The elastic reconstruction is designed around the geometry required to integrate each piezoelectric
resonator into the host beam. The beam contains seven rectangular regions of 118 × 30 mm2. A
transverse crossbar of width 𝑏𝑐 = 7 mm is retained inside each region to clamp the resonator, as
shown in Fig. 1D. This crossbar divides the original opening into a small 8×30 mm2 opening and a
larger 103 × 30 mm2 opening. The small opening provides access to the piezoelectric connections,
whereas the large one contains the resonator. The reconstruction is therefore developed for this
two-opening geometry rather than for a single rectangular void. Removing material from the beam
changes the local bending and torsional stiffnesses, mass, and mass moments of inertia. The aim of
the reconstruction is to recover these quantities while keeping the two openings and the crossbar
needed for the resonator. Reinforcement layers are bonded symmetrically to both faces of the beam.
The two openings share the longitudinal reinforcement width 𝑏𝑦 and thickness ℎ𝑡 , while separate
transverse widths 𝑏𝑥,1 and 𝑏𝑥,2 are used because the openings have different lengths. For the stiffness
calculation, the two openings are represented by adjacent orthogonal grids. The crossbar is included
in this representation and contributes directly to the stiffness of the reconstructed region. For each
opening 𝑘 = 1, 2, the equivalent flexural and torsional rigidities are required to match those of the
corresponding intact part of the beam. The reconstruction conditions can be written as

𝐷𝑥,𝑘 = 𝐷𝑦,𝑘 = 𝐻𝑘 = 𝐷 𝑝, 𝑘 = 1, 2, (1)

where

𝐷 𝑝 =
𝐸𝑝ℎ

3

12
(
1 − 𝜈2

𝑝

) (2)

is the flexural rigidity of the intact reference region. Here, 𝐷𝑥,𝑘 and 𝐷𝑦,𝑘 are the equivalent flexural
rigidities of the 𝑘-th grid, while 𝐻𝑘 represents its torsional contribution. These quantities depend on
the dimensions of the reinforcement members and on the geometry of the corresponding opening.
The prescribed dimensions of the openings and the crossbar are kept fixed, while 𝑏𝑥,1, 𝑏𝑥,2, 𝑏𝑦, and
ℎ𝑡 are obtained numerically from the stiffness-equivalence conditions. The full grid formulation
and the resulting reinforcement dimensions are given in the Supplementary Text (53, 54).

Matching the stiffnesses alone is not sufficient because the reinforcement also changes the local
mass distribution. The inertial properties are therefore recovered separately. The inertial properties
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Figure 1: Elastic-invisibility-enabled metastructure for energy harvesting and vibration attenuation.
(A) Cantilever beam with seven uniformly distributed internal voids hosting mechanically programmed non-
linear magneto-elastic piezoelectric resonators. The superimposed gray shapes indicate the first two bending
modes of the host beam. (B) Embedded magneto-elastic piezoelectric resonator. The magnet spacing 𝑑 𝑗 con-
trols the local nonlinear potential energy landscape, enabling monostable or bistable configurations. Section
A–A shows the lateral view of the resonator and the repulsive magnetic interaction. (C) Piezoelectric energy
harvesting mechanism for converting resonator strain into electrical output. (D) Elastic-invisibility strategy,
where the uncloaked void scatters elastic waves while the cloaked void is mechanically reconstructed to
recover the effective dynamic response of the intact host beam. (E) Energy harvesting (EH) LED demon-
stration for the identical monostable configuration at 7 mm, showing LED operation under different input
accelerations both near resonance and within the vibration bandgap, where host vibration is suppressed.
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of the small and large openings are evaluated about their respective local centroidal axes 𝑦1 and 𝑦2.
For each reconstructed region, discrete masses are added to compensate the remaining differences
in mass and principal mass moments of inertia. The corresponding conditions are

𝑀𝑝,𝑘 = 𝑀𝑘 +
∑︁
𝑖∈I𝑘

𝑚𝑖, (3)

and
𝐼𝑝,𝑘,𝑥 = 𝐼𝑘,𝑥 +

∑︁
𝑖∈I𝑘

𝑚𝑖𝑑
2
𝑦,𝑖,

𝐼𝑝,𝑘,𝑦𝑘 = 𝐼𝑘,𝑦𝑘 +
∑︁
𝑖∈I𝑘

𝑚𝑖𝑑
2
𝑥,𝑖 .

(4)

Here, 𝑀𝑝,𝑘 , 𝐼𝑝,𝑘,𝑥 , and 𝐼𝑝,𝑘,𝑦𝑘 refer to the intact region, whereas 𝑀𝑘 , 𝐼𝑘,𝑥 , and 𝐼𝑘,𝑦𝑘 refer to the
reconstructed region before adding the compensating masses. The offsets 𝑑𝑥,𝑖 and 𝑑𝑦,𝑖 are measured
from the corresponding local centroidal axes. In this way, the reinforcement is used to recover
the stiffnesses, while the discrete masses correct the remaining differences in mass and inertia.
Details of the mass arrangement, calculated values, and fabrication approximations are reported
in the Supplementary Text. Finite-element simulations were performed for intact, uncloaked, and
reconstructed configurations with the seven two-opening regions. The first six transverse natural
frequencies of the intact beam span 2.27–193.84 Hz. Over this range, the reconstructed frequencies
differ from the intact values by less than 1.8%, and the difference remains below 0.25% for the
first five modes. The same comparison can be expressed through the scattering reduction coeffi-
cient SRC = | 𝑓 𝑐 − 𝑓 𝑖 |/| 𝑓 𝑢 − 𝑓 𝑖 |, where 𝑓 𝑖, 𝑓 𝑢, and 𝑓 𝑐 are the natural frequencies of the intact,
uncloaked, and reconstructed beams, respectively. The SRC ranges from 0 to 0.0231 for the first
five transverse modes and increases to 0.1567 for the sixth mode. Frequency-response and transient
simulations show the same trend: the reconstructed beam closely follows the intact response, while
the untreated openings introduce clear frequency shifts and distort the propagating wave field (Sup-
plementary Figs. S4–S8). Experiments were carried out on the uncloaked and reconstructed beams.
The measured natural-frequency shifts agree closely with the numerical predictions (Supplemen-
tary Fig. S9). An intact beam was not included in the experimental campaign, so the near-intact
equivalence is established numerically, while the experiments verify the predicted change from the
uncloaked to the reconstructed configuration. The reconstruction was also tested numerically on a
plate containing coupled flexural and torsional modes, where it continued to reduce the disturbance
produced by the openings over the investigated frequency range (Supplementary Fig. S10). The
two-opening design is important for the present metastructure because the structural reconstruction
and the resonator integration are treated together. The crossbar provides the required clamping
point, the large opening leaves space for the resonator motion, and the small opening gives access
to the electrical connections. At the same time, the reinforcement and compensating masses recover
the mechanical properties removed from the host. The resonators can therefore be embedded inside
the beam without retaining the large dynamic changes produced by the untreated openings.
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2.2 Coupling of magneto-elastic resonators with piezoelectric transducers

Piezoelectric cantilever resonators are embedded inside the cloaked voids and aligned parallel to
the neutral axis of the host beam, with their mid-plane coincident with that of the host (Fig. 1B).
Each resonator beam is made of carbon fiber and has effective dimensions 85 × 24 × 0.5 mm3.
Two piezoelectric layers are bonded near the clamped end, where the bending strain is highest,
on the upper and lower surfaces of the resonator. Their electrodes are connected to a dedicated
electrical circuit with identical load resistance 𝑅𝐿 , enabling local electromechanical conversion
from resonator strain to harvested electrical output.

A pair of axially magnetized neodymium disc magnets is used to introduce tunable nonlinear
stiffness. One magnet is attached to the free tip of each resonator through a 3D-printed holder,
while an identical magnet is fixed to the host beam facing the resonator magnet with the same
pole orientation, producing a repulsive interaction. The host-mounted magnet is attached to an
adjustable holder, allowing the magnet spacing of each resonator to be prescribed independently.
This arrangement mechanically programs the nonlinear restoring force of each resonator through
the assigned magnet spacing.

The magnetic interaction is modeled using a dipole approximation, in which each permanent
magnet is represented by a magnetic dipole with a prescribed magnetic moment (55, 56). This
model provides a compact representation of the distance-dependent magnetic force and captures the
monostable–bistable transition induced by changing the magnet spacing. The complete derivation is
provided in the Supplementary Text. In the reduced-order model, the 𝑥-component of the magnetic
force is neglected because the transverse dynamics of the 𝑗-th resonator are governed primarily by
the 𝑧-component acting along the resonator deflection direction, as shown in Fig. 2A. The resulting
magnetic force is

𝐹𝐵 𝑗,𝑧

(
𝑢 𝑗 (𝑡)

)
=

3𝜇0𝜇𝐴𝜇𝐵𝑢 𝑗 (𝑡)
4𝜋𝑟 𝑗 5𝑙

[
𝑒 𝑗 −

√︃
𝑙2 − 𝑢 𝑗 (𝑡)2 −

5𝑒 𝑗
𝑟2
𝑗

(
𝑢 𝑗 (𝑡)2 − 𝑒 𝑗

√︃
𝑙2 − 𝑢 𝑗 (𝑡)2

)]
(5)

where 𝜇0 is the vacuum permeability, 𝜇𝐴 and 𝜇𝐵 are the magnetic moments of dipoles A and B, 𝑢 𝑗 (𝑡)
is the transverse displacement at the tip of the 𝑗-th resonator, and 𝑙 is the effective distance from the
resonator clamp to dipole A. The prescribed magnet spacing 𝑑 𝑗 defines the undeformed magnetic
gap of the 𝑗-th resonator and enters the force through the displacement-dependent horizontal
separation 𝑒 𝑗 (𝑢 𝑗 ), while 𝑟 𝑗 (𝑢 𝑗 ) =

√︁
𝑢 𝑗 (𝑡)2 + 𝑒 𝑗 (𝑢 𝑗 )2 is the center-to-center distance between the

dipoles. Details of the magnetic-force derivation and geometric definitions are provided in the
Supplementary Text.

Changing 𝑑 𝑗 reshapes the magneto-elastic potential of the resonator. Figure 2B shows the
potential energy curves for different magnet spacings. At large spacing, the magnetic interaction is
weak and the resonator remains monostable, with a single stable equilibrium (Fig. 2C-i). Reducing
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Figure 2: Magneto-elastic piezoelectric resonators and reduced-order metabeam model. (A) Schematic
of the 𝑗-th resonator, showing the piezoelectric cantilever, the prescribed magnet spacing 𝑑 𝑗 , the
displacement-dependent horizontal dipole separation 𝑒 𝑗 , and the transverse magnetic-force component 𝐹𝐵 𝑗 ,𝑧 .
(B) Magneto-elastic potential energy curves as a function of resonator displacement 𝑢 𝑗 for different pre-
scribed magnet spacings 𝑑 𝑗 . Stable equilibrium positions are indicated. (C) Physical realizations of the 𝑗-th
resonator in the (i) monostable (𝑑 𝑗 = 7 mm) and (ii) bistable (𝑑 𝑗 = 3 mm) configurations. (D) Reduced-order
model of the metabeam with 𝑆 embedded magneto-elastic piezoelectric resonators coupled to a continuous
host beam under base excitation w𝑏 (𝑡). Each resonator is represented by an effective mass 𝑚 𝑗 , stiffness 𝑘 𝑗 ,
damping 𝑐 𝑗 , nonlinear magnetic force 𝐹𝐵 𝑗,𝑧

, electromechanical coupling 𝜗 𝑗 and load resistance 𝑅𝐿 .

the magnet spacing strengthens the repulsive interaction and transforms the resonator potential
from a single-well to a double-well landscape, with two stable equilibrium positions separated by
an unstable equilibrium (Fig. 2C-ii). The magnet spacing therefore determines whether the local
potential is monostable or bistable.

A reduced-order electromechanical model is then developed for the complete metastructure
under base excitation (Fig. 2D). The total transverse displacement of the host beam is written
as w𝑡 (𝑥, 𝑡) = w𝑏 (𝑡) + w(𝑥, 𝑡), where w𝑏 (𝑡) is the imposed base motion and w(𝑥, 𝑡) is the beam
displacement relative to the base. Because the voids are elastically reconstructed, the host is modeled
as an Euler–Bernoulli beam with viscous damping, while the embedded piezoelectric resonators
are represented as lumped electromechanical oscillators attached at positions 𝑥 𝑗 . The coupled
governing equations are
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𝑚𝑏

𝜕2w
𝜕𝑡2

(𝑥, 𝑡) + 𝑐
𝜕w
𝜕𝑡

(𝑥, 𝑡) + 𝐸𝐼
𝜕4w
𝜕𝑥4 (𝑥, 𝑡)

−
𝑆∑︁
𝑗=1

(
𝑐 𝑗 ¤𝑢 𝑗 (𝑡) + 𝑘 𝑗𝑢 𝑗 (𝑡) − 𝐹𝐵 𝑗 ,𝑧

(𝑢 𝑗 (𝑡)) − 𝜗 𝑗𝑣 𝑗 (𝑡)
)
𝛿(𝑥 − 𝑥 𝑗 ) = −𝑚𝑏 ¥w𝑏 (𝑡)

(6)

𝑚 𝑗 ¥𝑢 𝑗 (𝑡) + 𝑐 𝑗 ¤𝑢 𝑗 (𝑡) + 𝑘 𝑗𝑢 𝑗 (𝑡) − 𝐹𝐵 𝑗 ,𝑧
(𝑢 𝑗 (𝑡)) − 𝜗 𝑗𝑣 𝑗 (𝑡)

= −𝑚 𝑗

[
𝜕2w
𝜕𝑡2

(𝑥 𝑗 , 𝑡) + ¥w𝑏 (𝑡)
]
, 𝑗 = 1, 2, . . . , 𝑆

(7)

𝐶𝑝 𝑗 ¤𝑣 𝑗 (𝑡) + Y𝑗𝑣 𝑗 (𝑡) + 𝜗 𝑗 ¤𝑢 𝑗 (𝑡) = 0 , 𝑗 = 1, 2, . . . , 𝑆 (8)

where 𝛿(·) is the Dirac delta function; 𝑢 𝑗 and 𝑣 𝑗 are the displacement and voltage of the 𝑗-th
resonator; 𝑥 𝑗 is its position along the beam; 𝑚𝑏, 𝑐 and 𝐸𝐼 are the mass per unit length, damping
coefficient, and flexural rigidity of the host beam; 𝑚 𝑗 , 𝑐 𝑗 and 𝑘 𝑗 are the effective mass, damping
coefficient, and linear stiffness of the 𝑗-th resonator; 𝐹𝐵 𝑗 ,𝑧

is the nonlinear magnetic force; 𝜗 𝑗 is the
electromechanical coupling coefficient;𝐶𝑝 𝑗 is the equivalent piezoelectric capacitance; Y𝑗 = 1/𝑅𝐿

is the load admittance; and 𝑆 is the number of embedded resonators.
The beam displacement is expanded using the clamped-free mode shapes, and the governing

equations are projected using the Galerkin method to obtain a finite-dimensional system of ordinary
differential equations. The resulting electromechanical system is numerically integrated using a
Runge–Kutta method. Details of the modal projection, matrix formulation, and numerical procedure
are provided in the Supplementary Text.

2.3 Tunable response in metastructures with identical resonators

We first investigate metastructures in which all resonators are configured identically, with the same
magnet spacing assigned to every resonator. Frequency up-sweep vibration tests were performed
for magnet spacings ranging from 2 to 10 mm, in 1 mm increments, to determine how this single
mechanical parameter reconfigures the vibration-attenuation and energy-harvesting spectra.

From the measured responses, we compute a power spectral density (PSD)-based velocity trans-
missibility 𝑇 , obtained from the ratio between the velocity PSDs measured at the tip and base of the
metabeam, as indicated in Fig. 3A. Figure 3B shows the experimental transmissibility as a function
of frequency and magnet spacing. The gray-shaded region identifies the attenuation band, whereas
the green curves mark its lower and upper frequency boundaries. Peaks in transmissibility indicate
resonant amplification. Movies S2 and S3 illustrate the corresponding experimental responses.

Changing the magnet spacing modifies the local nonlinear potential of the resonators and there-
fore shifts the attenuation band. Figure 3C illustrates this effect through two identical configurations,

9



a monostable state with a magnet spacing of 7 mm and a bistable state with a magnet spacing of
3 mm. The full evolution of the bandgap boundaries with magnet spacing is summarized in Fig. 3D,
where experimental and numerical results are compared across the tested identical configurations.
The transition between monostable and bistable potentials occurs near a magnet spacing of 5 mm,
consistent with the potential energy analysis.

The observed bandgap shifts can be understood from the curvature of the magneto-elastic
potential around the equilibrium states accessed during the frequency sweep. In the monostable
regime, reducing the magnet spacing strengthens the repulsive magnetic interaction around the
central equilibrium. This reduces the local curvature of the potential and softens the effective
restoring response of the resonators, lowering their resonant attenuation frequency. Consequently,
the bandgap moves from approximately 40–55 Hz for the identical 10 mm configuration to 35–
50 Hz for the identical 6 mm configuration. Once the resonators become bistable, the response
under the tested excitation is governed by intrawell oscillations around one of the stable equilibria.
Further reducing the magnet spacing increases the curvature of these wells, producing a stiffer
intrawell response and shifting the attenuation region to higher frequencies. Accordingly, the
bandgap changes from approximately 40–65 Hz for the identical 4 mm configuration to 62–
80 Hz for the identical 3 mm configuration. Over the tested range, the bistable configurations also
provide broader attenuation bandwidths than the monostable configurations. Numerical simulations
reproduce the same shift in the attenuation bands. Additional numerical results are reported in the
Supplementary Text.

Magnet spacing also reconfigures the harvested-power spectrum. Figure 3E shows the experi-
mental total harvested-power PSD, obtained by summing the power contributions measured across
the independent load resistances of the seven-resonator channels and normalizing by the squared
input acceleration. The strongest spectral power occurs near the host-beam resonances, where host
motion most effectively excites the embedded resonators. A secondary peak also appears inside the
attenuation band, showing that electromechanical conversion persists even when vibration transmis-
sion through the host is suppressed. As the magnet spacing changes, the harvested-power spectrum
shifts together with the attenuation response, demonstrating that the same mechanical parameter
prescribes both suppression and conversion windows.

Figure 3F compares the total harvested-power PSD for the identical 7 mm monostable and
identical 3 mm bistable configurations. The 7 mm monostable configuration produces the stronger
peak response, with power concentrated near the host-beam resonance. The 3 mm bistable con-
figuration distributes the harvested response over a broader frequency range, but with lower peak
PSD levels under the tested excitation. This contrast reflects the different nonlinear restoring force
prescribed by the magnet spacing. In the bistable regime, the stronger magnetic interaction creates
a double-well potential, but interwell motion requires sufficiently large excitation energy. Under
the present frequency-sweep conditions, the resonators remain confined to intrawell oscillations,
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reducing their vibration amplitudes and, consequently, the harvested power. Even so, measurable
harvested power persists within the attenuation bands of both programmed states. The same res-
onator motion that generates the locally resonant attenuation also strains the piezoelectric layers,
so electrical conversion remains possible inside the attenuation band.

The identical-spacing tests show that changing d moves both the attenuation and harvested-
power spectra. Changing d modifies the resonator dynamics and consequently shifts both responses
in frequency. Therefore, the multifunctional response can be retuned without modifying the res-
onator architecture, structural layout, added mass, or external tuning elements.

The measured harvested power further places the energy-conversion response within a relevant
range for low-power sensing. To illustrate this point, the identical 7 mm monostable configuration is
considered under a fixed base-acceleration amplitude of 6 g. The measured total AC power dissipated
in the independent load circuits reaches 10.67 𝜇W near resonance at 29 Hz and 2.05 𝜇W inside the
bandgap at 41 Hz. Using the power-management estimate detailed in the Supplementary Text, with
an illustrative conversion efficiency of 75%, these values correspond to estimated DC powers of
approximately 8.0 𝜇W and 1.54 𝜇W, respectively, after rectification, storage, and regulation. These
𝜇W-level power budgets are comparable to the power consumption reported in the datasheets for
operating modes of commercial ultra-low-power sensor ICs, such as the ADXL362 accelerometer
and the HDC1080 and SHTC3 temperature–humidity sensors, as detailed in the Supplementary
Text. This comparison supports the feasibility of duty-cycled sensing across distinct operating
regimes, from high-response resonance to vibration-attenuating bandgap operation.

2.4 Impact of elastic invisibility on energy harvesting potential

We next examine whether the reconstructed wave field changes the mechanical energy delivered
to the resonators. Elastic invisibility is central to this mechanism because it reduces the parasitic
scattering introduced by the internal voids. In an uncloaked beam, the voids act as geometric
discontinuities that scatter the incident elastic-wave field and perturb the background dynamics.
In the cloaked beam, the reconstructed regions recover near-intact transmission. More of the
propagating mechanical energy can therefore reach the embedded resonators.

To quantify wave-field preservation beyond modal frequencies, we evaluate the displacement-
based scattering measure (57)

𝜀(𝑢1, 𝑢2,R) =
(∫

R
|𝑢1(x) − 𝑢2(x) |2 dx

) (∫
R
|𝑢2(x) |2 dx

)−1
, (9)

where R is the forward-scattering region shown in Fig. 3A, and 𝑢1(x) and 𝑢2(x) are the displace-
ment fields under comparison. We compute 𝜀(𝑢𝑢, 𝑢𝑖,R) and 𝜀(𝑢𝑐, 𝑢𝑖,R), where 𝑢𝑐, 𝑢𝑢, and 𝑢𝑖

denote the displacement fields of the cloaked, uncloaked, and intact beams, respectively, without
embedded resonators. A perfectly cloaked structure satisfies 𝜀 = 0. We also define the relative scat-
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Figure 3: Tunable attenuation and energy harvesting response under different magnet spacings. (A)
Schematic of the metastructure with seven embedded resonators and adjustable magnet spacing. The regions
R𝑖 denote the forward-scattering regions used to evaluate wave scattering. (B) Experimental transmissibility,
log10(𝑇), computed from the velocity PSD ratio between the tip (T) and base (B) locations indicated in
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Markers indicate the corresponding bandgap limits. (D) Bandgap boundaries as a function of magnet
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tering reduction as 𝑄 = |𝜀(𝑢𝑢, 𝑢𝑖,R) − 𝜀(𝑢𝑐, 𝑢𝑖,R)|/𝜀(𝑢𝑢, 𝑢𝑖,R), where 𝑄 = 1 indicates complete
reduction of the scattering introduced by the voids.

Across the seven forward-scattering regions and the tested frequencies, the cloaked beam ex-
hibits substantially lower scattering than the uncloaked configuration, with most𝑄 values exceeding
0.97 (Supplementary Fig. S11). This indicates that elastic reconstruction suppresses void-induced
wave perturbations and restores near-intact transmission through the host beam. The restored back-
ground wave field also increases the mechanical energy delivered to the embedded resonators.
When resonators are inserted into the cloaked beam, their total kinetic energy is approximately 7%
higher than in the uncloaked beam. The largest gain occurs near the beam tip, where scattering
effects accumulate along the propagation path, with the seventh resonator showing an energy en-
hancement of approximately 898% (Supplementary Figs. S12–S13). The reconstruction therefore
has two quantifiable effects in the simulations: it recovers the background response and increases
the kinetic energy of the embedded resonators.

2.5 Amplitude-dependent dynamics and onset of chaos

Nonlinear resonators can exhibit amplitude-dependent responses that strongly influence vibration
attenuation and energy harvesting. We therefore examine how input acceleration modifies the metas-
tructure response in bistable and monostable regimes, distinguishing conditions that favor enhanced
energy conversion from those that preserve frequency-selective locally resonant attenuation.

Figure 4A shows the experimental transmissibility of the identical bistable configuration with
a magnet spacing of 3 mm under input accelerations of 2 g, 6 g, and 9 g. At 2 g, the metastructure
exhibits a clear attenuation band. Increasing the excitation amplitude progressively narrows this
band, and at 9 g the well-defined attenuation region disappears, consistent with the emergence of
large-amplitude irregular interwell motion observed in Movie S4. The transmissibility then remains
nearly flat and close to unity over a broad frequency range, showing no pronounced elastic-wave
attenuation or amplification.

To identify the resonator dynamics associated with this transition, we excite the metastructure
at 71 Hz and apply the 0–1 test for chaos to the resonator time-series responses. The 0–1 test
is a direct time-series method that distinguishes regular from chaotic dynamics by mapping the
measured signal into transformed coordinates and evaluating the asymptotic growth of the corre-
sponding trajectories (58, 59). The resulting classifier ranges from 0 to 1, with values below 0.2
indicating regular dynamics, values above 0.8 indicating chaos, and intermediate values considered
inconclusive. Details of the implementation are provided in the Supplementary Text.

Figure 4B shows the 0–1 test results obtained from experimental and numerical resonator
responses under different acceleration levels. At 2 g and 6 g, the responses remain regular, whereas
at 9 g the classifier indicates chaotic dynamics. This transition is corroborated by the phase portrait
and Poincaré map of resonator 1 in Figs. 4D,E, which show periodic motion at 6 g and scattered
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Poincaré points at 9 g. Corresponding results for the remaining resonators, together with numerical
validation, are reported in the Supplementary Text. These results provide mutually consistent
evidence that the experimentally observed large-amplitude irregular interwell motion is associated
with chaotic resonator dynamics.

This transition explains the disappearance of the locally resonant bandgap. At lower amplitudes,
the resonators exhibit regular motion and interact with the host beam through a well-defined
frequency-dependent dynamic impedance, producing a stable attenuation band. At 9 g, chaotic
motion introduces broadband spectral content, nonperiodic dynamics, and loss of a coherent phase
relation with the host beam (Supplementary Fig. S36). The resonators therefore no longer provide
the stable dynamic interaction required to sustain locally resonant attenuation.

Figure 4C presents the total RMS-based harvested power for the bistable configuration. The
harvested power increases markedly at 9 g, where the resonators exhibit chaotic motion. This
enhancement is consistent with larger-amplitude excursions between potential wells, which increase
the resonator strain available for piezoelectric conversion. At high amplitude, the bistable response
therefore exchanges a well-defined attenuation band for larger harvested power.

The monostable configuration exhibits a markedly more robust amplitude response. Figure 4F
shows the experimental transmissibility for the monostable configuration with a magnet spacing of
7 mm under input accelerations of 2 g, 6 g, and 9 g. In contrast to the bistable case, the attenuation
band remains visible across all tested amplitudes, indicating weak amplitude dependence over this
range. The 0–1 test results in Fig. 4G indicate regular dynamics in both experimental and numerical
responses. This regular behavior is further supported by the phase portrait and Poincaré map in
Figs. 4I,J, which confirm periodic motion. The harvested-power response in Fig. 4H varies much
less strongly with acceleration than in the bistable configuration.

The amplitude response is consequently very different in the two potential landscapes. Bistable
dynamics can enhance energy harvesting through large-amplitude chaotic interwell motion, whereas
monostable dynamics preserve a more stable attenuation response over the tested acceleration range.

2.6 Enhanced performance using nonidentical resonator programming

Nonidentical configurations extend the mechanical programming strategy by allowing the magnet
spacing of each embedded resonator to be prescribed independently. The seven resonators can
therefore occupy different nonlinear states, with the overall configuration defined by the magnet
spacing vector d𝑖 = [𝑑1, . . . , 𝑑 𝑗 , . . . , 𝑑7], where 𝑑 𝑗 denotes the spacing assigned to the 𝑗-th
resonator in the 𝑖-th configuration. Each vector d𝑖 thus specifies the spatial distribution of magneto-
elastic potentials along the metastructure. With discrete spacings ranging from 2 to 10 mm in 1 mm
increments, the seven-resonator array admits 97 possible magnet spacing vectors. This substantially
enlarges the design space available for exploring the two performance metrics.

To experimentally sample this design space, we selected seven nonidentical configurations that
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combine magnet spacings from distinct nonlinear regimes (Fig. 5A-B). N1–N3 group the 3 mm
bistable and 7 mm monostable states in different longitudinal regions of the resonator array, N4
and N5 alternate these two states, and N6 and N7 impose graded prescriptions from 2 to 8 mm and
from 8 to 2 mm, respectively. The seven configurations therefore cover grouped, alternating, and
graded spacing patterns.

Figure 5C summarizes all tested prescriptions in a normalized attenuation–harvesting perfor-
mance map. For each configuration, the harvesting metric 𝐴𝑃 is computed as the area of the total
harvested-power PSD over the tested frequency range, while the attenuation metric 𝐵 is defined
as the corresponding attenuation bandwidth. The coordinates 𝐴𝑃/𝐴𝑃,7mm and 𝐵/𝐵3mm normalize
these metrics by using two identical-spacing references. The 7 mm monostable case is used as the
harvesting reference, whereas the 3 mm bistable case is used as the attenuation reference. These
configurations provide representative harvesting- and attenuation-favored baselines, respectively.

The map also includes the identical configurations, labeled as I2-I10, where the number indi-
cates the common magnet spacing in millimeters. Among the identical configurations, I5 provides
the largest harvesting response, reaching 𝐴𝑃/𝐴𝑃,7mm = 1.57, whereas the largest attenuation band-
widths are obtained for I2 and I4, with 𝐵/𝐵3mm = 1.07 and 1.06, respectively. I5 also provides the
highest harvesting performance among all experimentally tested configurations.

The experimental nonidentical configurations occupy distinct regions of the performance map,
demonstrating that the prescribed magnet spacing vector strongly modifies the multifunctional
response. N1, N2, N5, N6, and N7 exceed the attenuation-bandwidth reference, with 𝐵/𝐵3mm > 1.
N5 provides the largest attenuation bandwidth among all experimentally tested configurations,
reaching 𝐵/𝐵3mm = 1.82 while retaining 𝐴𝑃/𝐴𝑃,7mm = 0.59. In contrast, N4 provides the strongest
harvesting response among the nonidentical configurations, reaching 𝐴𝑃/𝐴𝑃,7mm = 0.95 while
maintaining 𝐵/𝐵3mm = 0.83. The contrast between N4 and N5 is particularly informative because
both alternate 3 and 7 mm spacings, but differ in the number of resonators assigned to each spacing
and in their positions along the array. Their different positions in the map show that performance
depends not only on how many resonators use each state, but also on where those states are placed.

This sensitivity to ordering arises from the spatial variation of the vibration field along the host
beam, which causes each resonator to experience a distinct local amplitude and phase. Resonators
near nodal or low-motion regions of the relevant mode shapes are weakly activated and contribute
less to attenuation and piezoelectric conversion, whereas resonators in high-motion regions can
dominate the multifunctional response. A resonator assigned the same magnet spacing can therefore
behave differently at different positions because its local excitation amplitude is different. The non-
identical configurations make use of this spatial dependence by placing different magnet spacings
at different positions along the beam.

Figure 5D shows that nonidentical configurations produce multiple attenuation regions, indi-
cating that the attenuation band can be reshaped by prescribing the magnet spacing sequence. The
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transmissibility curves in Fig. 5E show that N4 and N5 generate different attenuation intervals
despite using the same two magnet spacing states. The total power PSDs in Fig. 5F show that
changing this alternating prescription reshapes the harvested-power spectrum. Because the 7 mm
monostable state contributes mainly to the lower-frequency response, whereas the 3 mm bistable
state contributes mainly to the higher-frequency response, changing the number and positions of
resonators assigned to each state along the beam redistributes the harvested power between these
spectral regions. Accordingly, N4 produces stronger power in the lower-frequency region, while
N5 produces stronger power in the higher-frequency region. The measurements therefore show that
the spacing sequence changes both the attenuation intervals and the distribution of harvested power
across frequency.

The model-predicted candidates in Fig. 5C extend the experimental trend toward improved
attenuation–harvesting balance. Their normalized performances follow the same reference logic as
the experiments, using the numerical identical 3 mm and 7 mm configurations as attenuation- and
harvesting-favored references, respectively. The selected candidates are labeled P1–P4 in the per-
formance map and correspond to the magnet spacing vectors P1=[4,5,5,5,7,3,2], P2=[4,5,7,7,3,3,2],
P3=[7,5,3,7,3,5,2], and P4=[7,5,3,7,3,7,2]. P1 contains several 5 mm states near the monostable–
bistable transition, where reduced effective stiffness favors large resonator motion and harvesting
but limits attenuation bandwidth. Replacing part of these transition states with 7 mm and 3 mm
states in P2 increases the attenuation bandwidth at the expense of harvested power. The calibrated
model predicts that P3 and P4, which combine 2-3-5-7 mm states along the array, lie within the
region of the numerical performance map where both performance metrics are simultaneously
improved. The predicted P3 and P4 cases suggest that further improvement may be obtained by
searching the spacing-vector design space without changing the beam architecture.

3 Conclusion

We have developed and experimentally assessed an elastic-invisibility-enabled metastructure that
embeds nonlinear magneto-elastic piezoelectric resonators inside a structural host beam for simul-
taneous vibration attenuation and energy harvesting. Numerical comparisons among the intact,
uncloaked, and cloaked beams show that the elastic reconstruction strongly suppresses the pertur-
bations introduced by the internal voids and recovers a near-intact dynamic response. Experiments
on the cloaked and uncloaked beams confirm the modal shifts predicted by the numerical model.
Near-intact equivalence is therefore established numerically, while the experiments confirm the pre-
dicted changes between the uncloaked and reconstructed beams. The reconstructed openings can
therefore house the resonators without introducing the large dynamic perturbations associated with
the untreated voids. Here, the cloaking concept is used for functional integration: the reconstruction
compensates for the openings required to embed the resonators.
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Local mechanical programming is achieved through the magneto-elastic interaction of each
resonator. Changing only the magnet spacing switches the local potential between monostable and
bistable forms and shifts both the attenuation and harvesting responses. The experiments reveal
how amplitude controls the functional regime of the metastructure. Regular bistable intrawell
motion supports locally resonant attenuation, whereas high-amplitude chaotic interwell motion
enhances energy conversion while disrupting bandgap stability. Monostable configurations preserve
a more regular and amplitude-robust attenuation response over the tested range. Nonidentical
spacing patterns further redistribute attenuation and harvested power across frequency, showing
that multifunctional performance can be programmed through the magnet spacing vector. The
experimental and model-predicted configurations indicate that the spacing-vector design space can
be used to seek configurations that perform well in both metrics.

The metastructure generates measurable electrical power under resonant energy concentration
and under vibration-suppression conditions, while elastic reconstruction preserves the effective
dynamics of the structural host. The main distinction of the present design is that the resonators
are embedded inside the host while the mechanical properties lost when the openings are created
are restored. Their nonlinear state can then be changed independently through magnet spacing.
The concept can be extended to other geometries and frequency ranges by redesigning the elastic
reconstruction, resonator tuning, and transduction mechanism for the target structure. Future ver-
sions could further improve electrical output through load optimization, rectification, storage and
phase-aware power electronics. A longer-term extension would be to use stored harvested energy
to drive an adjustable magnet-spacing mechanism, enabling closed-loop reconfiguration.

4 Materials and Methods

Fabrication and assembly

The host beam, with dimensions 985×45×2 mm3, contains seven equally spaced rectangular voids
of 118 × 30 mm2. The beam, elastic-reconstruction frames, and cantilever resonators (dimensions
85 × 24 × 0.5 mm3) were fabricated from carbon fiber, selected for its low density, low structural
damping, flexibility, and non-ferromagnetic character. All components were machined by CNC
milling. The reconstruction frames and compensating masses were bonded to the host beam using
a structural epoxy adhesive (3M Scotch-Weld DP460), after which the seven cantilever resonators
were installed within the reconstructed regions. Each resonator carries two piezoelectric patches
(S118-J1SS-1808YB, Mide Technology) bonded near the clamped end, where the bending strain is
highest. The patches on each resonator were connected in parallel to an independent resistive load.
The seven resonators are therefore mechanically coupled through the host beam but electrically
separated into individual harvesting channels. The nonlinear magnetic interaction was introduced
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using a pair of identical neodymium disc magnets. One magnet was fixed to the resonator tip
through a 3D-printed holder, while the second was mounted on an adjustable holder attached to the
host beam. The magnets were aligned with approximately collinear magnetization axes and with
equal-polarity faces opposing each other, producing a repulsive interaction. The adjustable holder
allowed the magnet spacing of each resonator to be set independently. Additional fabrication details,
dimensions, and assembly procedures are provided in the Supplementary Text and Movie S6.

Experimental setup

The metabeam was clamped to an electrodynamic shaker (TIRA vib 51144) mounted on an optical
table (Nexus Optical Table, Thorlabs). Frequency up-sweep tests were performed over the 25–90 Hz
range by imposing controlled translational base excitation on the metastructure. Fixed-frequency
harmonic tests were also performed at selected operating conditions to evaluate the metabeam
response and LED activation. The excitation was controlled using a VR9500 vibration controller
with four channels and 26000 lines of resolution, operated through Vibration View software. An
accelerometer (PCB 356A45) mounted at the base of the metabeam provided the feedback signal
for the controller. The full-field displacement response was measured using a 3D digital image
correlation system composed of two high-speed cameras (Photron Fastcam Nova S9), as shown
in Movie S5. The voltage generated by each resonator was measured across its independent load
resistance using an analog data acquisition system.

The vibration response was quantified using a PSD-based velocity transmissibility between the
tip and the base of the metabeam, 𝑇 ( 𝑓 ) = 𝑆 ¤w𝑇

( 𝑓 )/𝑆 ¤w𝐵
( 𝑓 ), where 𝑆 ¤w𝑇

( 𝑓 ) and 𝑆 ¤w𝐵
( 𝑓 ) are the

velocity PSDs at the tip and base, respectively. The transmissibility was reported as log10(𝑇), and
attenuation bands were identified from the frequency intervals satisfying log10(𝑇) < −0.05. For
energy harvesting analysis, the voltage PSD of each resonator channel was converted into harvested-
power PSD by dividing by the corresponding load resistance. The normalized total harvested-power
PSD was then obtained by summing the seven independent power contributions and normalizing
by the squared base-acceleration amplitude. Further details on the experimental procedures, signal
processing, and fixed-frequency tests are provided in the Supplementary Text.

Numerical simulations

The elastic-reconstruction geometry and compensating masses were determined in MATLAB by
solving the stiffness, mass, and mass moment of inertia equivalence conditions. The reinforcement
dimensions were obtained by minimizing the normalized residuals of the flexural and torsional stiff-
ness conditions, after which the compensating masses were calculated to satisfy the corresponding
mass and mass moment of inertia equivalence conditions. Full details of the numerical procedure
are provided in the Supplementary Text. The reconstructed-beam response was then validated by
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finite-element simulations in ABAQUS and compared with experimental measurements. Numer-
ical simulations of the complete metastructure were performed in MATLAB using the nonlinear
electromechanical model detailed in the Supplementary Text. The simulations were configured
to match the experimental conditions, including magnet spacing configurations, load resistances,
base-acceleration levels, and frequency range. Numerical outputs were processed using the atten-
uation and energy harvesting metrics consistent with the experimental analysis, enabling direct
comparison between measured and simulated transmissibility, bandgap boundaries, and harvested-
power responses. Additional details on the governing equations, numerical integration procedure,
and parameter values are reported in the Supplementary Text.
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